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Abstract—For millimeter-wave (mmWave) massive multiple-input–
multiple-output (MIMO) systems, codebook-based analog beamforming
(including transmit precoding and receive combining) is usually used to
compensate the severe attenuation of mmWave signals. However, con-
ventional beamforming schemes involve complicated search among pre-
defined codebooks to find out the optimal pair of analog precoder and
analog combiner. To solve this problem, by exploring the idea of turbo
equalizer together with the tabu search (TS) algorithm, we propose a
Turbo-like beamforming scheme based on TS, which is called Turbo-TS
beamforming in this paper, to achieve near-optimal performance with low
complexity. Specifically, the proposed Turbo-TS beamforming scheme is
composed of the following two key components: 1) Based on the iterative
information exchange between the base station (BS) and the user, we
design a Turbo-like joint search scheme to find out the near-optimal
pair of analog precoder and analog combiner; and 2) inspired by the
idea of the TS algorithm developed in artificial intelligence, we propose
a TS-based precoding/combining scheme to intelligently search the best
precoder/combiner in each iteration of Turbo-like joint search with low
complexity. Analysis shows that the proposed Turbo-TS beamforming
can considerably reduce the searching complexity, and simulation results
verify that it can achieve near-optimal performance.

Index Terms—Beamforming, massive multiple-input–multiple-output
(MIMO), millimeter wave (mmWave), tabu search (TS), turbo equalizer.

I. INTRODUCTION

The integration of millimeter-wave (mmWave) and massive
multiple-input–multiple-output (MIMO) is regarded as a promising
technique for future fifth-generation (5G) wireless communication
systems [1] since it can provide an orders of magnitude increase both in
the available bandwidth and the spectral efficiency [2]. On one hand,
the very short wavelength associated with mmWave enables a large
antenna array to be easily installed in a small physical dimension [3].
On the other hand, the large antenna array in massive MIMO can pro-
vide a sufficient antenna gain to compensate the severe attenuation of
mmWave signals due to path loss, oxygen absorption, and rainfall ef-
fect [1] as the beamforming (including transmit precoding and receive
combining) technique can concentrate the signal in a narrow beam.
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MmWave massive MIMO systems usually perform beamforming in
the analog domain, where the transmitted signals or received signals
are only controlled by the analog phase shifter (PS) network with low
hardware cost [1]. Compared with traditional digital beamforming,
analog beamforming can decrease the required number of expensive
radio-frequency (RF) chains at both the base station (BS) and users,
which is crucial to reduce the energy consumption and hardware
complexity of mmWave massive MIMO systems [4]. Existing dom-
inant analog beamforming schemes can be generally divided into two
categories, i.e., the non-codebook beamforming and the codebook-
based beamforming. For the non-codebook beamforming, there are
already some excellent schemes. In [5]–[7], a low-complexity analog
beamforming, where two PSs are employed for each entry of the beam-
forming matrix, is proposed to achieve the optimal performance of
fully digital beamforming. However, these methods require the perfect
channel state information to be acquired by the BS, which is very
challenging in practice, particularly when the number of RF chains is
limited [1]. By contrast, the codebook-based beamforming can obtain
the optimal pair of analog precoder and analog combiner by searching
the predefined codebook without knowing the exact channel. The
most intuitive and optimal scheme is full-search (FS) beamforming
[8]. However, its complexity exponentially increases with the number
of RF chains and quantified bits of the angle of arrival (AoA) and
the angle of departure (AoD). To reduce the searching complexity of
codebook-based beamforming, some low-complexity schemes, such
as the schemes adopted by the IEEE 802.15.3c [9] and IEEE 802.11ad
[10] standards, have already been proposed. Furthermore, a multilevel
codebook, together with a ping-pong searching scheme, is also pro-
posed in [11]. These schemes can reduce the searching complexity
without obvious performance loss. However, they usually involve a
large number of iterations to exchange the information between the
user and the BS, leading to a high overhead for practical systems.

To reduce both the searching complexity and the overhead of
codebook-based beamforming, in this paper, we propose a Turbo-like
beamforming scheme based on the tabu search (TS) algorithm [12]
(called as Turbo-TS beamforming) with near-optimal1 performance for
mmWave massive MIMO systems. Specifically, the proposed Turbo-
TS beamforming scheme is composed of the following two key
components.

1) Based on the iterative information exchange between the BS and
the user, we design a Turbo-like joint search scheme to find out
the near-optimal pair of analog precoder and analog combiner.

2) Inspired by the TS algorithm in artificial intelligence, we de-
velop a TS-based precoding/combining to intelligently search
the best precoder/combiner in each iteration of Turbo-like joint
search with low complexity.

Furthermore, the contributions of the proposed TS-based precoding/
combining can be summarized in the following three aspects.

1) Provide the appropriate definitions of neighborhood, cost, and
stopping criterion involved in TS-based precoding/combining.

2) Take the exact solution instead of the conventional “move” as
tabu to guarantee a wider searching range.

3) Propose a restart method by selecting several different initial
solutions uniformly distributed in the codebooks to further im-
prove the performance.

1Note that “near-optimal” means achieving the performance close to that of
the optimal FS beamforming.
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Fig. 1. Architecture of the mmWave massive MIMO system with beamforming.

It is shown that the proposed Turbo-TS beamforming can consider-
ably reduce the searching complexity. We verify through simulations
that Turbo-TS beamforming can approach the performance of FS
beamforming [8].

The remainder of this paper is organized as follows. Section II
briefly introduces the system model of mmWave massive MIMO.
Section III specifies the proposed Turbo-TS beamforming. The sim-
ulation results of achievable rate are shown in Section IV. Finally,
conclusions are drawn in Section V.

Notation: Lowercase and uppercase boldface letters denote vectors
and matrices, respectively; (·)T , (·)H , (·)−1, and det(·) denote the
transpose, conjugate transpose, inversion, and determinant of a matrix,
respectively; and E(·) denotes the expectation. Finally, IN is the N ×
N identity matrix.

II. SYSTEM MODEL

We consider the mmWave massive MIMO system with beamform-
ing, as shown in Fig. 1, where the BS employs Nt antennas and
NRF

t RF chains to simultaneously transmit Ns data streams to a user
with Nr antennas and NRF

r RF chains. To fully achieve the spatial
multiplexing gain, we usually have NRF

t = NRF
r = Ns [13]. The Ns

independent transmitted data streams in the baseband first pass through
NRF

t RF chain to be converted into analog signals. After this, the
output signals will be precoded by an Nt ×NRF

t analog precoder PA

as x = PAs before transmission, where s is the Ns × 1 transmitted
signal vector subject to the normalized power E(ssH) = (1/Ns)INs .
Note that the analog precoder PA is usually realized by a PS network
with low hardware complexity [1], which requires that all elements
of PA should satisfy |pAi,j |

2
= 1/Nt. Under the narrow-band block-

fading massive MIMO channel [13], Nr × 1 received signal vector r
at the user can be presented as

r =
√
ρHPAs+ n (1)

where ρ is the transmitted power; H ∈ CNr×Nt denotes the channel
matrix, which will be discussed in detail later in this section; and
n = [n1, · · · , nNr ]

T is the additive white Gaussian noise vector,
whose entries follow the independent and identical distribution (i.i.d.)
CN (0, σ2INr ) [14].

At the user side, an Nr ×NRF
r analog combiner CA is employed

to process the received signal vector r as

y = CH
A r =

√
ρCH

AHPAs+CH
An (2)

where the elements of CA have the similar constraints as those of PA,
i.e., |cAi,j |

2
= 1/Nr .

Due to the limited number of significant scatters and serious antenna
correlation of mmWave communication [15], [16], in this paper, we

adopt the widely used geometric Saleh–Valenzuela channel model
[13], where the channel matrix H can be presented as

H =

√
NtNr

L

L∑
l=1

αlfr (φ
r
l ) f

H
t

(
φt
l

)
(3)

where L is the number of significant scatters, and we usually have
L ≤ min(Nt, Nr) for mmWave communication systems due to the
sparse nature of scatters; αl ∈ C is the gain of the lth path including
the path loss; and φt

l and φr
l are the azimuth of AoDs/AoAs of the

lth path, respectively. Finally, ft(φt
l) and fr(φ

r
l ) are the antenna array

response vectors, which depend on the antenna array structure at the
BS and the user. When the widely used uniform linear arrays (ULAs)
are considered, we have [13]

ft
(
φt
l

)
=

1√
Nt

[
1, ejkd sin(φt

l), . . . , ej(Nt−1)kd sin(φt
l)
]T

(4)

fr (φ
r
l ) =

1√
Nr

[
1, ejkd sin(φr

l ), . . . , ej(Nr−1)kd sin(φr
l )
]T

(5)

where k = (2π/λ), λ denotes the wavelength of the signal, and d is
the antenna spacing.

III. NEAR-OPTIMAL TURBO-TABU SEARCH BEAMFORMING

WITH LOW COMPLEXITY

Here, we first give a brief introduction of the codebook-based
beamforming, which is widely used in mmWave massive MIMO
systems. After this, a low-complexity near-optimal Turbo-TS beam-
forming scheme is proposed, which consists of Turbo-like joint search
scheme and TS-based precoding/combining. Finally, the complexity
analysis is provided to show the advantage of the proposed Turbo-TS
beamforming scheme.

A. Codebook-Based Beamforming

According to the special characteristic of a mmWave channel, the
beamsteering codebook [8] is widely used. Specifically, let F and W
denote the beamsteering codebooks for the analog precoder and the
analog combiner, respectively. If we use BRF

t (BRF
r ) bits to quantify

the AoD (AoA), F (W) will consist of all the possible analog precoder
(combiner) matrices PA (CA), which can be presented as [8]

PA =
[
ft
(
φ̄t
1

)
, ft

(
φ̄t
2

)
, · · · , ft

(
φ̄t
NRF

t

)]
(6)

CA =
[
fr
(
φ̄r
1

)
, fr

(
φ̄r
2

)
, · · · , fr

(
φ̄r
NRF

r

)]
(7)

where the quantified AoD φ̄t
i for i = 1, . . . ,NRF

t at the BS has 2B
RF
t

possible candidates, i.e., φ̄t
i = 2πn/2BRF

t where n ∈ {1, . . . , 2BRF
t }.
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Fig. 2. Proposed Turbo-like joint search scheme.

Similarly, the quantified AoA φ̄r
j for j = 1, . . . ,NRF

r at the user

has 2BRF
r possible candidates, i.e., φ̄r

j = 2πn/2BRF
r where n ∈

{1, . . . , 2BRF
r }. Thus, the cardinalities |F| of F and |W| of W are

2BRF
t ·NRF

t and 2BRF
r ·NRF

r , respectively. Then, by jointly searching F
and W , the optimal pair of analog precoder and analog combiner can
be selected by maximizing the achievable rate as [13]

R = max
PA∈F,CA∈W

log2

(∣∣∣∣INs+
ρ

Ns
R−1

n CH
AHPAP

H
AHHCA

∣∣∣∣
)

= max
PA∈F,CA∈W

log2 (ϕ(PA,CA)) (8)

where Rn = σ2CH
ACA presents the covariance matrix of noise after

combining, and

ϕ(PA,CA) =

∣∣∣∣INs +
ρ

Ns
R−1

n CH
AHPAP

H
AHHCA

∣∣∣∣ (9)

is defined as the cost function. We can observe that, to obtain the
optimal pair of analog precoder and analog combiner, we need to
exhaustively search the codebooks F and W . When NRF

r = NRF
t = 2

and BRF
t = BRF

r = 6, the totally required time of search is 1.6 × 107,
which is almost impossible in practice. In this paper, we propose
Turbo-TS beamforming to reduce the searching complexity. The
proposed Turbo-TS beamforming is composed of two key compo-
nents, i.e., Turbo-like joint search scheme and TS-based precoding/
combining, which will be described in detail in Section III-B and C,
respectively.

B. Turbo-Like Joint Search Scheme

Based on the idea of the information interaction in the well-known
turbo equalizer, we propose a Turbo-like joint search scheme to find
out the near-optimal pair of analog precoder and analog combiner,
which is shown in Fig. 2. Let Popt,k

A and Copt,k
A denote the near-

optimal analog precoder and analog combiner obtained in the kth
iteration, respectively, where k = 1, 2, . . . ,K, and K is the predefined
maximum number of iterations. First, the BS selects an initial precoder
Popt,0

A , which can be an arbitrary candidate in F , to transmit a
training sequence to the user. Then, the user can search the best analog
combiner Copt,1

A . After this, the user uses Copt,1
A to transmit a training

sequence to the BS, and in return, the BS can search the best analog
precoder Popt,1

A . We repeat such iteration for K times in a similar way
as the turbo equalizer and output Popt,K

A and Copt,K
A as the final pair

of analog precoder and analog combiner, which is expected to achieve
near-optimal performance, as will be verified later in Section IV. Note
that, in each iteration, searching the best analog precoder (combiner)
after a potential analog combiner (precoder) has been selected from
the codebook W (F) can be realized by the proposed TS-based analog
precoding/combining with low complexity, which will be described in
detail next.

C. TS-Based Precoding/Combining

Here, we first focus on the process of searching the best analog
precoder PA after a potential analog combiner CA has been selected.
The process of searching the best analog combiner CA after a cer-
tain analog precoder PA has been selected can be derived in the
similar way.

The basic idea of the proposed TS-based analog precoding can be
described as follows. TS-based analog precoding starts from an initial
solution, i.e., an analog precoder matrix selected from the codebook F ,
and defines a neighborhood around it (several analog precoder matrices
from F based on a neighboring criterion). After this, it selects the most
appropriate solution among the neighborhood as the starting point for
the next iteration, even if it is not the global optimum. During the
search in the neighborhood, TS attempts to escape from the local
optimum by utilizing the concept of “tabu,” whose definition can be
changed according to different criteria (e.g., convergence speed and
complexity). This process will be continued until a certain stopping
criterion is satisfied, and finally, the best solution among all iterations
will be declared as the final solution. Next, five important aspects of
the proposed TS-based precoding, including neighborhood definition,
cost computation, tabu, stopping criterion, and TS algorithm, will be
explained in detail as follows.

1) Neighborhood Definition: Note that the mth column of analog
precoder PA can be presented by an index qm ∈ {1, 2, . . . , 2BRF

t },

which corresponds to the vector ft(2πqm/2BRF
t ) as defined in (4) and

(6). Then, an analog precoder is defined as a neighbor of PA if i) it
has only one column that is different from the corresponding column
in PA and ii) if the index difference between the two corresponding
columns is equal to one. For example, when NRF

t = 2 and BRF
t = 3,

for a possible analog precoder PA = [ft(3π/4), ft(7π/4)], another
precoder [ft(2π/4), ft(7π/4)] is a neighbor of PA.

Let P(i)
A denote the starting point in the ith iteration of the proposed

TS-based analog precoding, and V(P(i)
A ) = {V(i)

1 ,V
(i)
2 , . . . ,V

(i)
|V|}

presents the neighborhood of P
(i)
A , where |V| is the cardinality of

V . According to this neighborhood definition, it is obvious that
|V| = 2NRF

t . We then define that the uth neighbor in V(P(i)
A ) is

different from P
(i)
A in the �u/2�th column, and the index of the

corresponding column is q�u/2� + (−1) mod (u,2), where q�u/2� is the
index of this column. To avoid overflow of this definition, we set

1 + (−1)mod (u,2) =max
(
1 + (−1)mod (u,2), 1

)
(10)

2BRF
t +(−1)mod (u,2)=min

(
2BRF

t +(−1)mod (u,2), 2BRF
t

)
. (11)

For example, the neighborhood of one analog precoder P
(i)
A =

[ft(3π/4), ft(7π/4)] is V(i)
1 =[ft(2π/4), ft(7π/4)], V(i)

2 =[ft(4π/4),
ft(7π/4)], V

(i)
3 = [ft(3π/4), ft(6π/4)], and V

(i)
4 = [ft(3π/4),

ft(8π/4)].
2) Cost Computation: We define the value of the cost function

ϕ(PA,CA) in (9) as the reliability metric of a possible solution,
i.e., a solution PA leading to a larger value of ϕ(PA,CA) is a
better solution. Furthermore, according to the neighborhood definition,
we can observe that, once we obtain the cost of PA, we do not
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Fig. 3. Illustration of how the solution tabu can avoid one solution being
searched twice. (a) Conventional “move” tabu. (b) Proposed solution tabu.

need to recompute (9) to obtain the cost of its neighborhood through
information exchange between the BS and the user. This is due to the
fact that the neighbor Vu of PA only has the �u/2�th column that is
different from the corresponding column in PA, and then the updated
effective channel matrix CH

AHVu in (9) also has the �u/2�th column
that is different from the corresponding column in the original effec-
tive channel matrix CH

AHPA, where such difference can be easily
calculated since PA and Vu are known. More importantly, this special
property indicates that, for the proposed TS-based analog precoding,
we can only estimate the effective channel matrix CH

AHPA of size
NRF

r ×NRF
t through time-domain and/or frequency-domain training

sequence [17], [18], whose dimension is much lower than the original
dimension Nr ×Nt of the channel matrix H.

3) Tabu: In the conventional TS algorithm [12], the tabu is usually
defined as the “move,” which can be regarded as the direction from
one solution to another solution for the analog precoding problem.
The “move” can be denoted by (a, b), where a = 1, . . . , NRF

t de-
notes that the ath column of the original solution is different from
that of the current solution, and b ∈ {−1, 1} means the changed
index of this particular column from the original solution to the
current solution. Considering this example, the “move” (direction)
from [ft(3π/4), ft(7π/4)] to [ft(2π/4), ft(7π/4)] can be written as
(1,−1). Regarding the “move” as tabu can save storage of the tabu list
since it only requires a tabu list t of size 2NRF

t × 1, whose element
takes the value from {0, 1} to indicate whether a move is tabu or not
(i.e., 1 is tabu, and 0 is unconstrained). However, as shown in Fig. 3(a),
this method may lead to the unexpected fact that one solution will be
searched twice, and the cost function of the same neighborhood will be
computed again. To solve this problem, we propose to take the exact
solution as tabu. Specifically, let p = 1, 2, . . . , 2BRF

t ·NRF
t present the

index of a candidate of the analog precoder (solution) out of F with
2BRF

t ·NRF
t possible candidates. In particular, p can be calculated by

each column index qm (1 ≤ qm ≤ NRF
t )2 of this analog precoder as

p =

NRF
t∑

m=1

(qm − 1)
(

2BRF
t

)NRF
t −m

+ 1. (12)

For example, when BRF
t = 3 and NRF

t = 2, if an analog precoder has
the column indexes {2, 7}, then the index of this analog precoder in
F is p = 15 according to (12). This way, our method can efficiently
avoid one solution being searched twice, and therefore, a wider search-
ing range can be achieved, as shown in Fig. 3(b). Note that the only

2It is worth pointing out that to fully achieve the spatial multiplexing
gain, the column index qm should be different for different RF chains, i.e.,
q1 �= q2 �= · · · �= qNRF

t
. All the possible precoder/combiner matrices that do

not obey this constraint will be declared as “tabu” to avoid being searched.

TABLE I
COMPLEXITY COMPARISON

cost of our method is the increased storage size of the tabu list t from
2NRF

t to 2BRF
t ·NRF

t .
4) Stopping Criterion: We define flag as a parameter to indicate

how long (in terms of the number of iterations) the global optimal
solution has not been updated. This means that, in the current iteration,
if a suboptimal solution is selected as the starting point for the next
iteration, we have flag = flag + 1; otherwise, if the global optimal
solution is selected, we set flag = 0. Based on this mechanism,
TS-based analog precoding will be terminated when either of the
following two conditions is satisfied: i) The total number of iterations
reaches the predefined maximum number of iterations max_iter,
or ii) the number of iterations for the global optimal solution not
being updated reaches the predefined maximum value max_len, i.e.,
flag = max_len. Note that we usually set max_len < max_iter,
which means that, if TS-based analog precoding has already found the
optimal solution at the beginning, all the starting points in following
iterations will be suboptimal; thus, we do not need to wait max_iter
iterations. Therefore, the average searching complexity can be reduced
further.

5) TS Algorithm: Let G(i) denote the analog precoder achieving the
maximum cost function (9) that has been found until the ith iteration.
TS-based analog precoding starts with the initial solution P

(0)
A . Note

that, to improve the performance of TS-based analog precoding, we
can select M different initial solutions uniformly distributed in F to
start TS-based analog precoding M times; then, the best one out of M
obtained solutions will be declared as the final analog precoder. For
each initial solution, we set G(0) = P

(0)
A , flag = 0. In addition, all the

elements of the tabu list t are set as zero. Considering the ith iteration,
TS-based analog precoding executes as follows.

Step 1: Compute the cost function (9) of the 2NRF
t neighbors of

P
(i)
A given the effective channel matrix CH

AHP
(i)
A . Let

V1 = arg max
1≤u≤2NRF

t

ϕ(Vu,CA). (13)

Calculate the index p1 of V1 in F according to (12). Then, V1 will be
selected as the starting point for the next iteration when either of the
following two conditions is satisfied:

ϕ(V1,CA) > ϕ
(
G(i),CA

)
(14)

t(p1) = 0. (15)

If V1 cannot be selected, we find the second best solution as

V2 = arg max
1≤u≤2NRF

t
Vu �=V1

ϕ(Vu,CA). (16)

Then, we decide whether V2 can be selected by checking (14) and
(15). This procedure will be continued until one solution V′ is selected
as the starting point for the next iteration. Note that, if there is no
solution satisfying (14) and (15), all the corresponding elements of
the tabu list t will be set to zero, and the same procedure will be
repeated.
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Fig. 4. Achievable rate of Turbo-TS beamforming against different parameters. (a) max_iter. (b) max_len. (c) M . (d) K .

Step 2: After a solution has been selected as the starting point, i.e.,
P

(i+1)
A = V′, we set⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

t(p′) = 0, G(i+1) = P
(i+1)
A ,

if ϕ
(
P

(i+1)
A ,CA

)
> ϕ

(
G(i),CA

)
,

t(p′) = 1, G(i+1) = G(i),

if ϕ
(
P

(i+1)
A ,CA

)
≤ ϕ

(
G(i),CA

)
.

(17)

TS-based analog precoding will be terminated in Step 2 and output
G(i+1) as the final solution if the stopping criterion is satisfied.
Otherwise, it will go back to Step 1, and repeat the procedure until
it satisfies the stopping criterion.

It is worth pointing out that searching the near-optimal analog
combiner CA after a certain analog precoder PA has been selected can
be also solved by the similar procedure previously described, where
the definitions such as neighborhood should be changed accordingly
to search the near-optimal analog combiner CA.

D. Complexity Analysis

Here, we provide the complexity comparison between the proposed
Turbo-TS beamforming and the conventional FS beamforming. It is

worth pointing out that, although the proposed Turbo-TS beamforming
requires some extra information exchange between the BS and the UE
(K times of iterations) as discussed in Section III-B, the corresponding
overhead is trivial compared with the searching complexity since K is
usually small (e.g., K = 4 as will be verified by simulation results).
Therefore, here, we evaluate the complexity as the total number of
solutions needed to be searched. It is obvious that the searching
complexity of FS beamforming CFS is

CFS =

(
NRF

t

2BRF
t

)
×
(

NRF
r

2BRF
r

)
. (18)

By contrast, the searching complexity of the proposed Turbo-TS
beamforming CTS is

CTS =
(
2NRF

t · max_iter + 2NRF
r · max_iter

)
MK. (19)

Comparing (18) and (19), we can observe that the complexity
of Turbo-TS beamforming is linear with NRF

t and NRF
r , and it is

independent of BRF
t and BRF

r , which indicates that Turbo-TS beam-
forming enjoys much lower complexity than FS beamforming. Table I
shows the comparison of the searching complexity between Turbo-TS
beamforming and FS beamforming when the numbers of RF chains
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at the BS and the user are NRF
t = NRF

r = 2, where three cases are
considered.

1) For BRF
t = BRF

r = 4, we set max_iter = 500 and max_len =
100 and uniformly select M = 1 different initial solutions to
initiate the TS-based precoding/combining.

2) For BRF
t = BRF

r = 5, we set max_iter = 1000, max_len =
200, and M = 2.

3) For BRF
t =BRF

r =6, we set max_iter=3000, max_len = 600,
and M = 5.

In addition, for all these cases, we set the total number of iterations
K = 4 for the Turbo-like joint search scheme. In Table I, we can
observe that the proposed Turbo-TS beamforming scheme has much
lower searching complexity than the conventional FS beamforming,
e.g., when BRF

t = BRF
r = 6, the searching complexity of Turbo-TS

beamforming is only 2.1% of that of FS beamforming.

IV. SIMULATION RESULTS

We evaluate the performance of the proposed Turbo-TS beam-
forming in terms of the achievable rate. Here, we also provide the
performance of the recently proposed beam steering scheme [19]
with continuous angles as the benchmark for comparison since it can
be regarded as the upper bound of the proposed Turbo-TS beam-
forming with quantified AoAs/AoDs. The system parameters for the
simulation are described as follows: The carrier frequency is set as
28 GHz; We generate the channel matrix according to the channel
model [13] described in Section II. The AoAs/AoDs are assumed
to follow the uniform distribution within [0, π]. The complex gain
αl of the lth path follows αl ∼ CN (0, 1), and the total number of
scattering propagation paths is set as L = 3. Both the transmit and
receive antenna arrays are ULAs with antenna spacing d = λ/2.
Three cases of quantified bits per AoA/AoD, i.e., BRF

t = BRF
r = 4,

BRF
t = BRF

r = 5, and BRF
t = BRF

r = 6, are evaluated. SNR is de-
fined as ρ/σ2. Additionally, the parameters used for the proposed
TS-based precoding/combining are the same as those in Section III-D.

At first, we provide the achievable rate performance of Turbo-TS
beamforming against different parameters to explain why we choose
these values as listed in Section III-D. Fig. 4 shows an example
when Nr ×Nt = 16 × 64, NRF

r = NRF
t = Ns = 2, BRF

t = BRF
r =

6, and SNR = 0 dB. We can observe that, when max_iter = 3000
[see Fig. 4(a)], max_len = 600 [see Fig. 4(b)], M = 5 [see Fig. 4(c)],
and K = 4 [see Fig. 4(d)], the proposed Turbo-TS beamforming can
achieve more than 90% of the rate of FS beamforming, which verifies
the rationality of our selection.

Fig. 5 shows the achievable rate comparison between the con-
ventional FS beamforming and the proposed Turbo-TS beamforming
for an Nr ×Nt = 16 × 64 mmWave massive MIMO system with
NRF

r = NRF
t = Ns = 2. We can observe that Turbo-TS beamforming

can approach the achievable rate of FS beamforming without obvious
performance loss. For example, when BRF

t = BRF
r = 4 and SNR =

0 dB, the rate achieved by Turbo-TS beamforming is 7 bits/s/Hz, which
is quite close to 7.2 bits/s/Hz achieved by FS beamforming. When
the number of quantified bits per AoA/AoD increases, both Turbo-TS
beamforming and FS beamforming can achieve better performance
close to the beam steering scheme with continuous AoAs/AoDs [19].
Meanwhile, Turbo-TS beamforming can still guarantee satisfying
performance quite close to FS beamforming. Considering the consider-
ably reduced searching complexity of Turbo-TS beamforming, we can
conclude that the proposed Turbo-TS beamforming achieves a much
better tradeoff between performance and complexity.

Fig. 6 shows the achievable rate comparison for an Nr ×Nt =
32 × 128 mmWave massive MIMO system, where the number of

Fig. 5. Achievable rate comparison for an Nr ×Nt = 16 × 64 mmWave
massive MIMO system with NRF

r = NRF
t = Ns = 2.

Fig. 6. Achievable rate comparison for an Nr ×Nt = 32 × 128 mmWave
massive MIMO system with NRF

r = NRF
t = Ns = 2.

RF chains is still set as NRF
r = NRF

t = Ns = 2. In Fig. 6, we can
observe similar trends as those in Fig. 5. More importantly, comparing
Figs. 5 and 6, we can find that the performance of the proposed
Turbo-TS beamforming can be improved by increasing the number of
low-cost antennas instead of increasing the number of expensive RF
chains. For example, when Nr ×Nt = 16 × 64, BRF

t = BRF
r = 6,

and SNR = 0 dB, Turbo-TS beamforming can achieve the rate of
10.1 bits/s/Hz, whereas when Nr ×Nt = 32 × 128, the achievable
rate can be increased to 14 bits/s/Hz without increasing the number
of RF chains.

V. CONCLUSION

In this paper, we have proposed a Turbo-TS beamforming scheme,
which consists of two key components: 1) a Turbo-like joint search
scheme relying on the iterative information exchange between the BS
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and the user and 2) a TS-based precoding/combining scheme utilizing
the idea of local search to find the best precoder/combiner in each
iteration of Turbo-like joint search with low complexity. Analysis has
shown that the complexity of the proposed scheme is linear with NRF

t

and NRF
r , and it is independent of BRF

t and BRF
r , which can con-

siderably reduce the complexity of conventional schemes. Simulation
results have verified the near-optimal performance of the proposed
Turbo-TS beamforming. Our further work will focus on extending the
proposed Turbo-TS beamforming to the multiuser scenario.
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Abstract—In this paper, a bivariate κ-μ model is presented. Exact
expressions for the 1) joint probability density function, the 2) joint cu-
mulative distribution function, 3) joint arbitrary moments, and the 4) nor-
malized envelope correlation coefficient are derived. The joint statistics are
given in terms of their respective parameters (κ1, μ1) and (κ2, μ2), with
μ1 = μ2 = μ > 0 and arbitrary κ1 > 0 and κ2 > 0. The parameter
describing the correlation between κ-μ fading channels is then written in
terms of the physical instances known to affect it in a wireless medium,
namely, Doppler shift, the separation distance between two reception
points, frequency, and delay spread. As an application example, the outage
probability of a dual-branch selection-combining scheme is presented. The
effect of correlation in the various aspects of system performance is then
investigated. The validity of the analytical results is supported by reducing
them to particular cases, for which results are available in the literature,
and by means of simulation for the general cases.

Index Terms—κ-μ distribution, bivariate distribution, correlation, fad-
ing channel, outage probability, selection combining (SC).

I. INTRODUCTION

The κ-μ fading model describes a fading scenario in which the
radio channel exhibits clusters of multipath and dominant components
in each cluster [1]. It is characterized by two physical parameters,
namely, κ > 0 and μ > 0. The parameter κ corresponds to the ratio
between the total power of the dominant components and the total
power of the scattered waves. The parameter μ is related to the number
of multipath clusters. The κ-μ fading model contains, as special cases,
1) Nakagami-m, obtained from it as κ → 0 with μ = m (where m is
the Nakagami parameter), and 2) Rice, obtained from it with μ = 1
and κ = k (where k is the Rice parameter). Of course, semi-Gaussian
and Rayleigh are also special cases of it, because they are special cases
of Nakagami-m and Rice.

The κ-μ fading scenario has been explored in a wide range of
applications. The usefulness of the κ-μ channel has been recognized in
practical situations, and its statistics have been investigated in different
environments. In [1] itself, the κ-μ distribution was shown to yield the
best fit to data collected in field trials whenever dominant components
were present, both for indoor and outdoor environments, for signals
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